
Using multivariate autoregressive 
models to estimate interaction 
strengths

Lecture 5
EE Holmes



Univariate and multivariate Gompertz 
models

Morning:  Univariate models and 2‐spp models
Estimating density dependence

Afternoon: Bigger multivariate models
Estimating species interactions



The Gompertz model

( )[ ]11 ln1exp −− −+⋅= ttt nbunn

• |b| < 1 “negative” density‐dependence

b = 1, no density‐dependence

|b| > 1, “positive” density‐dependence (blows up)

• The closer b is to 0, the stronger the density‐
dependence (stronger the pull back to the mean).  
If b=1, there is no “pull” back to the “mean” (the 
mean is not in fact defined for this case).

univariate discrete time deterministic Gompertz model



Gompertz model written in log space

( )[ ]11 ln1exp −− −+⋅= ttt nbunn

Taking the natural log of both sides

( ) 11 ln1lnln −− −++= ttt nbunn

111 lnlnln −−− −++= ttt nnbun

1ln −+= tnbu

1−+= tt bxux
Substituting xt for ln nt

AR(1) minus the noise term



Examples of the Gompertz for  different b

Our interest

u/(1-b)



Notice that when b=1, we get a straight line

π is the intercept
u is the slope utxt += π

The deterministic Gompertz eqn is just 
a linear (regression) model at b=1

This can be rewritten as

This emphasizes the relationship between the AR(1) model and a 
linear regression model, which is just a hidden state model where 
b=1 and q=0 (no noise)

This line
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Equilibrium for the deterministic 
Gompertz model

1−+= tt bxux

the model reaches equilibrium at t = ∞, so we can write

b
ux
−

=∞ 1

∞∞ += bxux

(provided b ≠ 1)

And via some algebra, we arrive at:

The equilibrium is a function of BOTH u and b.
This is rather unfortunate.



Add stochasticity (process error)

Adding stochasticity yields a univariate, lag‐1 
autoregressive  or “AR(1)” process:

ttt wbxux ++= −1 ( )2,0~ σNwt

If |b| < 1, the process is “stationary”

If b = 1, the process is a “random walk” & “non‐
stationary”

Known as the discrete‐time Ornstein‐Uhlenbeck
process in physics but as Gompertz or stochastic 

Gompertz model in population dynamics.



Example realizations

random walk

2‐pt oscillation

b=1

u/(1-b)



Equilibrium for the stochastic Gompertz
process

It has a stationary distribution
probability distribution of Xt as t → ∞
given |b| < 1 

Normally distributed with
mean μ∞ and variance υ∞

Fig. 1 ‐ Ives et al. (2003)



Properties of the stationary distribution

b
u
−

=∞ 1
μ (provided b ≠ 1)

Assuming |b| < 1 (i.e. a stationary process)

)1/( 2bqv −=∞

mean

variance



Basic features of the Gompertz process

S. E. Hampton, NCEAS, UCSB, hampton@nceas.ucsb.edu, 7 July 2007

•Mean reverting, aka density‐dependent

• Stationary, so it fluctuates around a mean

• Point equilibrium, unlike say Lotka‐Volterra interaction 
models

• Can be seen as a locally linear approximation of other 
types of density‐dependent interaction models

“locally linear” is jargon for “only holds for sure if density 
doesn’t change too much”.



Parameter estimation
Super easy in R

Open up R and follow after me
lecture_5_example_0.R



So observation error is clearly a problem.
obs error = spurious density‐dependence

2010 2008



Parameter estimation accounting for obs error
Super easy in R…

Open up R and follow after me
lecture_5_example_1.R   estimation technically easy..
Lecture_5_example_2.R  replication
Lecture_5_example_3.R  ML on the edge



Estimating R is not so easy, but 
replication helps A LOT



All the previous examples were NON‐
stationary

Open up R and follow after me
lecture_5_example_0.R
plot(x)



Estimation much easier if you can assume that your 
data are a sample from the stochastic equilibrium

Process has 
reached
equilibrium



How to estimate b when you are willing to 
assume the data come from stoc. equil.?

Idea #1 Impose the constraint that 
W(t)=(y(t)-y(t-1)) and
W(t)-W(t-1)
• Have the variance-covariance structure of a stochastic 

Gompertz observed with error.   
• Compute Q from the total sample variance and the 

estimate of b



How to estimate b when you are willing to 
assume the data come from stoc. equil.?

Idea #2 If you subtract E(x(t)) then U=0
• Use mean(data) as E(x(t))
• Has the added value of removing “a” too!
• Used in Ives et al 2003

• Lecture_5_example_4.R



Take home messages

U and B are confounded.  Likelihood is banana‐shaped, 
so we need to constrain u 

de‐mean the data
set u=0
set tinitx=1

What happens when we add observation error?
Estimation is more difficult.
Replication will help us estimate R vs Q



2-species: Predator-Prey
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B = interaction matrix

MAR(1): xt=Bxt‐1 + u + wt
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Meaning of the B matrix
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Computer lab #2: moose and wolf



B = interaction matrix

Adding covariates

covariate effect

covariates

Process variation not from 
covariates (“unexplained”)
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Observation error causes
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Spurious density‐dependence, i.e. apparent stronger effect of 
self on self
Spuriously low species interaction strengths, i.e. apparent 
lower effect of other on self



S. E. Hampton, NCEAS, UCSB, hampton@nceas.ucsb.edu, 7 July 2007

R code #3: Lotka-Volterra predator-prey 
interactions



Simple 2-species system 
Predator & Prey

Data are simulated using a Lotka-Volterra
model with density-dependence in the 
herbivore– easy to change interaction strength

dH/dt = 
bH(1 - H/K)  - a H P + ε

dP/dt = 

e(aPH) - sP + ε

H = herbivore sp
P = predator sp.
b = herbivore birth rate
K = herbivore carrying-
capacity
a = per capita attack rate
e = conversion efficiency 
(consumed prey turning 
into new predators)
s = death rate for predators

S. E. Hampton, NCEAS, UCSB, hampton@nceas.ucsb.edu, 7 July 2007
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S. E. Hampton, NCEAS, UCSB, hampton@nceas.ucsb.edu, 7 July 2007

This model can display a variety of dynamics



Estimate strength of density-dependence 
and interaction strength using MARSS

• Lecture_5_example_LV.R
• change conversion efficiency of 

predator
• Lecture_5_example_LV_2.R 

• add observation error
• Lecture_5_example_LV_3.R

• covariate affects K of herbivore
• Lecture_5_example_LV_4.R 

• covariate affects conversion 
efficiency of predator


